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A B S T R A C T

In this study, mixed convection and entropy generation in a square cavity containing nanofluid subjected to
magnetic field has been studied. A two-phase model (mixture) was used to simulate Newtonian fluid flow and
heat transfer in a cavity with rotating cylinders. The Richardson and Hartman numbers ranges are 1≤ Ri≤ 100
and 0≤Ha≤ 30 respectively. The laminar, two-dimensional (2D), steady and Newtonian flows are assumptions
that are considered in this study. The angle of cavity (θ) and dimensionless angular velocity of cylinders (Ω)
ranges are 0°≤ θ≤ 90° and −3≤Ω≤−1 respectively. The effect of insulation and isothermal (T=Tc) cy-
linders on the flow field and heat transfer has been investigated. The distribution of nanoparticles inside the
cavity for different Hartman numbers and Richardson numbers also is investigated. In addition, the effect of the
presence of the cylinder on the cavity in stationary and rotating states on the flow field and the increase of the
heat transfer rate has been studied. Average and local Nusselt number in terms of Hartman numbers, volume
fractions, angles of cavity, isothermal (and adiabatic of cylinders) and angular velocity of cylinders were ob-
tained. The effect of the magnetic field intensity on total entropy generation has been investigated. It’s found that
by reducing Hartmann number, reducing Richardson number and increasing volume fraction, heat transfer will
increase. The presence of the cylinder and its angular velocity also improve the heat transfer. In addition,
isothermal cylinders will have a great effect on increasing heat transfer.

1. Introduction

Nanofluids have shown many interesting properties, and the dis-
tinctive features offer unprecedented potential for many applications.
Magnetohydrodynamics is the study of the magnetic properties and
behavior of electrically conducting fluids. Nanofluids are fluids in-
cluding suspensions of particles of nano size, which had higher thermal
characteristics related to the base fluids. Many studies have been done
on the properties of nanofluids and their applications in heat transfer
systems. However, the first research projects on entropy generation due
to nanofluid flow started from 2010.

Rashidi et al. [1] investigated entropy generation in steady MHD
nanofluid flow due to a rotating porous disk. The contributions of heat
transfer, fluid friction and joule dissipation irreversibility in the aver-
aged entropy generation number for different values of the flow para-
meters, i.e. magnetic interaction parameter, nanoparticle volume frac-
tion and suction parameter are investigated. Mahmoudi et al. [2]
investigated MHD natural convection and entropy generation in a

trapezoidal enclosure. They observed that the entropy generation is
decreased when the nanoparticles are present, while the magnetic field
generally increases the magnitude of the entropy generation. Sheikho-
leslami et al. [3] investigated MHD effects on nanofluid flow and heat
transfer in a semi-annulus enclosure. They found that the enhancement
in heat transfer increases as Hartmann number increases but it de-
creases with increase of Rayleigh number. Chen et al. [4] studied en-
tropy generation in MHD mixed convection nanofluid flow in vertical
channel. They found that the local Nusselt number at the cold wall also
increases with an increasing nanoparticle concentration. Malvandi et al.
[5] studied MHD mixed convection in a vertical annulus filled with
nanofluid considering nanoparticle migration. They found that that the
advantage of nanofluids in heat transfer enhancement is reduced in the
presence of a magnetic field. Fersadoua et al. [6] studied MHD mixed
convection and entropy generation of a nanofluid in a vertical porous
channel. Their results showed an enhancement on heat transfer rate by
using a porous medium, a nanofluid, a magnetic field without taking
into account the Joule heating and when mixed convection is assisted.
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Mehrez et al. [7] studied MHD effects on heat transfer and entropy
generation of nanofluid flow in an open cavity. Their results show that
flow behavior, temperature distribution, heat transfer and entropy
generation are strongly affected by the presence of a magnetic field.
Selimefendigil and Öztop [8] studied influence of inclination angle of
magnetic field on mixed convection of nanofluid flow over a backward
facing step and entropy generation. They found that the total entropy
generation ratio increases with increasing values of Reynolds number,
solid volume fraction of nanoparticles and decreasing values of Hart-
mann number for horizontally oriented magnetic field. Hajialigol et al.
[9] studied MHD mixed convection and entropy generation in a 3D
microchannel using nanofluid. They found that by enhancing the
strength of the imposing magnetic field, heat entropy generation miti-
gates, while frictional and magnetic ones increase. Sheikholeslami et al.
[10] studied MHD free convection of nanofluid considering thermal
radiation. They observed that Nusselt number is an increasing function
of Rayleigh number, volume fraction of nanoparticle and radiation
parameter while it is a decreasing function of viscous dissipation
parameter and Hartman number. Selimefendigil and. Öztop [11] stu-
died MHD mixed convection and entropy generation of power law
fluids in a cavity. They found that the total entropy generation ratio
changes for the Newtonian and dilatant fluids with the magnetic in-
clination angle and cylinder rotational velocity. Kefayati [12] simulated
heat transfer and entropy generation of MHD natural convection of non-
Newtonian nanofluid in an enclosure. He found that the increase in the
Hartmann number causes the total entropy generation to drop and af-
fects the influences of the power-law index and the volume fraction on
the entropy generations. Mamourian et al. [13] optimized mixed con-
vection heat transfer with entropy generation in a wavy surface square
lid-driven cavity. They found that increasing of the wavelength of the
wavy surface decreases the entropy generation. Hussain et al. [14]
numerically investigated MHD mixed convection and entropy genera-
tion of nanofluid flow in a double lid driven cavity. A study on nano-
fluid and multiphase models is presented in various references [31–40].
In addition, further studies on the magnetic field and mixed convection
can be found in references [41–51]. Calculation of average Nusselt
number, entropy generation, fluid friction and magnetic field, total
entropy generation and kinetic energy are the main focus of this study.

In this study, mixed convection and entropy generation in a square
cavity containing nanofluid subjected to magnetic field has been stu-
died. A two-phase model (mixture) was used to simulate Newtonian
fluid flow and heat transfer in a cavity with rotating cylinders. The
Richardson and Hartman numbers ranges are 1≤ Ri≤ 100 and
0≤Ha≤ 30 respectively. The laminar, two-dimensional (2D), steady
and Newtonian flows are assumptions that are considered in this study.
The angle of cavity (θ) and dimensionless angular velocity of cylinders
(Ω) ranges are 0°≤ θ≤ 90° and −3≤Ω≤−1 respectively. The effect
of insulation and isothermal (T=Tc) cylinders on the flow field and
heat transfer has been investigated.

2. Problem statement

The mixed convection heat transfer of a nanofluid inside an H×H
square cavity with cylinders subjected to a magnetic field was nu-
merically studied. Inside the cavity, two rotating cylinders were used
with identical radiuses (=R), located at equal distances from the walls.
The upper and lower walls of cavity were exposed to the hot and cold
temperatures of TH and TC respectively. The other walls were thermally
insulated. The upper wall moves at a constant velocity whereas the
lower wall was subjected to a uniform and constant magnetic field The
magnetic field in the positive direction of the y-axis enters the wall of
the cavity. Both cylinders rotated at a constant angular velocity Ω.
Fig. 1 shows a schematic of the problem. The water-Aluminum oxide
nanofluid with different volume fractions (0.01≤φ≤ 0.03) were used.
A diameter of 30 nm was assumed for the uniform spherical nano-
particles. The Richardson number (Ri) and the Hartman number (Ha)

were assumed to vary in the ranges 1≤ Ri≤ 100 and 10≤Ha≤ 30,
respectively. The horizontal direction of the cavity was assumed to
undergo a change in the range 0° < θ < 90°. The angular velocity of
the cylinders was assumed to vary in the range −3 < Ω < 0. The
corresponding effects of thermal isolation of the cylinders as well as
isothermal cylinders on the flow field and heat transfer were also stu-
died.

3. Mixture model theory

The mixture model is a simplified multiple-phase model which can
be used for simulating multiple-phase flows where the phases move at
different velocities. This model assumes that the phases are in local
equilibrium over short spatial length scales. Through this assumption,
the mutual effects of the phases were studied. This model can also use
to simulate homogeneous multiple-phase flows with equal phase velo-
cities which exhibit dramatic interphase effects. The other applications
of the mixture model include simulating n-phases (two phases in this
study) by solving the continuity equation, the momentum equation, and
the energy equation for the mixture; the volumetric fraction equation
for the secondary phase; and algebraic equations for finding the re-
quired relative velocities.

4. Governing equations, heat transfer and flow parameters

The governing equations for the two-dimensional steady flow in the
two-phase mixture model are:

Continuity equation:

∇
→

=ρ. ( V ) 0m m (1)

Momentum equation:
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→
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Once the magnetic field has been applied, the Lorentz force would
enter the equation [15]:

→
=

→
×

→
F J B (3)

where
→
J is expressed as (Ohm’s Law):

Fig. 1. Schematic of the problem.
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where
→
B is the vector sum of the applied (B0) and the induced (

→
b )

magnetic flux densities.
Maxwell’s equation is expressed as:

∇
→

=. B 0 (5)

By combining Ohm’s Law with Maxwell’s equations, we can obtain
the magnetic induction equation as:

→
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→
= ∇
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Upon solving the magnetic field equation (B), the current density
will be calculated in each iteration.

Energy equation:

∑∇ ⎛
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⎟ = ∇
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Volumetric fraction equation:

∇
→

= −∇
→

φ ρ φ ρ. ( V ) . ( V )p p m p p dr,p (8)

where T and P represent temperature and pressure respectively; φ is the
volumetric fraction; and Vm is the mass average velocity expressed as
[15]:

→
=

∑
→

= φ ρ
ρ

V
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m
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k k k
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In Eq. (2), Vdr,k is the drift velocity of the k-th phase, expressed as
[15]:

→
=

→
−

→
V V Vdr,k k m (10)

The slip velocity (relative velocity), defined as the ratio of the sec-
ondary phase (p) velocity to the primary phase velocity (k), is expressed
as [15]:

→
=

→
−

→
V V Vpf p f (11)

The drift velocity corresponding to the relative velocity is expressed
as [16]:
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The drag function between the particles is expressed as [17]:

= ⎧
⎨⎩

+ ≤
>

f
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0.0183Re Re 1000drag
p
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p

p p (14)

Thermophysical properties of the nanofluid including the mixture
density (ρm), specific heat capacity (Cp,m), thermal expansion coeffi-
cient (β), thermal conductivity (km), dynamic viscosity (μm), and elec-
trical conductivity (σm) are expressed as Eqs. (15)–(20) respectively
[18–21]:
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The dimensionless parameters are expressed as [22–24]:
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ρ
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The local Nusselt number on the hot wall is calculated as [25]:

=Nu(x) h(x)H
k (33)

=Nu(y)
h(y)H

k (34)

The average convection heat transfer coefficient on the hot wall is
expressed as:

=
−

x
h(x)

q ( )
T T

''

H c (35)

=
−

y
h(y)

q ( )
T T

''

H c (36)

where xq ( )'' is the heat flux through the hot wall, and TH and Tc are the
temperatures of the hot and cold walls of the cavity respectively.

The total heat flux is obtained by integrating the local heat flux
function over the surface of hot wall.

∫=q 1
H

q (x)dx''
0

H ''
(37)

∫=q 1
H

q (y)dy''
0

H ''
(38)

Hence, the total convection heat transfer coefficient and the average
Nusselt number are calculated as [25]:
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=Nu hH
k (40)

Most heat transfer related processes are exposed to two inevitable
losses: thermal losses and friction losses. The entropy generation rate
(which includes the irreversibilities due to fluid friction and heat
transfer) was obtained by Bejan [26]. In this study, three factors were
responsible for entropy generation: viscous effects, heat transfer effects,
and magnetic field effects. These are expressed as:(41)
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In the above equation, the first, second, and third terms represent
the entropies generated due to heat transfer effects, fluid friction ef-
fects, and magnetic field effects respectively. The dimensionless entropy
generation is obtained as follows, in which ST represents the di-
mensionless total entropy generation rate per unit volume, which is
defined by Eq. (27).
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The dimensionless governing equations are written as follows:
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5. Boundary conditions

The dimensional boundary conditions in the present problem are
expressed as:

Left wall (Adiabatic): = = =∂
∂v v 0, 0m,x m,y
T
x

Right wall (Adiabatic): = = =∂
∂v v 0, 0m,x m,y
T
x

Top wall: = =v v , T Tm m,x c
Bottom wall: = = =v v 0, T Tm,x m,y h

Adiabatic Cylinders: = − − =ωv (y y ) vm,x 0 m,y − =∂
∂ω (x x ), 00

T
n

Isothermal cylinders: = − − = −ω ωv (y y ) v (x x ),m,x 0 m,y 0
=T Tc

6. Thermophysical properties and solution procedure

Table 1 lists the thermophysical properties of the pure fluid and the
nanoparticles including density, specific heat capacity, thermal expan-
sion coefficient, thermal conductivity coefficient, and electrical con-
ductivity coefficient.

The finite volume method was deployed to solve the conservation

equations. The Boussinesq approximation was used for applying the
buoyancy force in the cavity. The pressure based solver was employed
for coupling the equations. The second order upwind method was used
for interpolating the transfer equation. In this method, values on dif-
ferent planes are obtained via the multi-dimensional linear model. This
method has a second order accuracy. The second order upwind method
was also used for pressure interpolation. The semi-implicit method for
pressure-linked equations (SIMPLE) was used for pressure-velocity
coupling. As already mentioned, the finite volume method was used to
solve the equations. The following procedure is used in this method:

a) Divide the studied domain into separate control volumes via a
computational grid (mesh).

b) Integrate the equations over each control volume to obtain algebraic
equations with dependent variables (unknowns) such as velocity,
pressure, and temperature.

c) Linearize the independent equations and solve the system of linear
equations to obtain new values for the dependent variables.

7. Grid independency

Four different grids were used to study the effect of the number of
cells on the physical flow and heat transfer parameters. As shown in
Table 2, the flow function and Nusselt number were used as the criteria
for selecting the final grid. In the absence of a magnetic field, the fol-
lowing values were selected in the grid: Ri= 1, φ=0.03, and Ω=−1.
In view of the obtained percentage error, Grid 3 was selected as the
final mesh throughout the simulation.

8. Validation

To check the reliability of the employed numerical solution, the
results obtained from the present study were compared with those
obtained in other numerical and experimental studies. Figs. 2a and 2b
compare the results obtained in the present study with those obtained
by Ghasemi et al. [24] who examined the effect of a magnetic field on
the convection heat transfer in a cavity filled with a nanofluid. In their
study, they used a square cavity filled with the water-aluminum oxide
nanofluid for simulation. The right and left walls of the cavity were
exposed to cold and hot temperatures respectively while the magnetic
field was applied to the left wall. As can be observed in the figures,
there is a good agreement between the results obtained in the present
study and those obtained in [24].

To further verify the authenticity of the numerical method used, the
authors compared their results with the experimental results obtained
by Ho et al. [29] as well as the results obtained in [30]. Ho et al. [29]

Table 1
Thermophysical properties of nanoparticles and pure fluid [27,28].

Material ( )ρ kg
m3 ( )C j

kg Kp / ( )k w
m k. ( )β

K
1 ( )σ

m
1

Ω .

Pure fluid 998.2 4182 0.6 0.00021 0.05
Al2O3 3880 733 36 × −0.85 10 5 −10 10

Table 2
Independence of solution from grid.

Grid Number of
elements

Stream
function

Percentage
error of stream
function

Nusselt
number

Percentage
error of Nusselt
number

G1 8257 1.16770 – 9.50042 –
G2 13,202 1.10935 5.56 10.08963 6.2
G3 19,297 1.08856 0.206 10.22433 1.33
G4 26,542 1.08736 0.11 10.24717 0.223
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Fig. 2a. Comparison between streamlines contours (present work) with ref. [24].

Fig. 2b. Comparison between isotherm lines contours (present work) with ref. [24].
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studied the natural convection heat transfer in square cavities filled
with nanofluids, using three different cavities with different dimen-
sions. In their experiments, the left and right walls were exposed to hot
and cold temperatures respectively while the other walls were ther-
mally isolated. As can be observed in Fig. 3, there is a good agreement
between the numerical results obtained in the present study and these
experimental results. The slight differences with the experimental re-
sults can be attributed to the way the nanofluids were distributed inside
the cavity. The results of the present numerical study were also in good
agreement with those obtained by Motlagh et al. [30].

9. Results and discussion

9.1. Streamline contours in the absence of a magnetic field

Fig. 4 shows the streamline contours obtained for a pure fluid with a
volumetric fraction of 3% at different Richardson numbers and angles.
As can be observed, vortices appeared at different locations in the
cavity at different Richardson numbers. At the minimum Richardson
number, a weak buoyancy force appeared inside the cavity. This gave
rise to two main vortices in the vicinity of the cylinders as a result of the
rotation of these cylinders. A third vortex was observed in the cavity
due to the movement of the upper wall. As the Richardson number was
increased, the buoyancy force became more dominant, causing these
vortices to grow weaker. Note that, at the greatest (maximum) Ri-
chardson number, the position of the vortices changed for different
angles. At the maximum Richardson when the cavity made and angle of
0° with the horizontal direction, a major vortex occurred between the
cylinders. This vortex gradually grew weaker as the cavity angle was
increased to 30°; while a new vortex appeared at the upstream of the
two cylinders. Increasing the cavity angle to 60° led to the two vortices
being driven towards the left cylinder due to this cylinder being closer
to the moving wall of the cavity. Overall, as can be observed, the dif-
ference between the fluid and the nanofluid streamlines at greater Ri-
chardson numbers was greater due to the difference between the
thermal expansion coefficients of the two. At a specific angle, increasing
the Richardson number decreased the value of the flow function. In
fact, at a constant Grashof number, decreasing the Reynolds number
resulted in a corresponding decrease in flow convection within the
cavity, ultimately leading to a reduction in the flow function value.
However, the same was not true in the case where the cavity made an
angle of 60° with the horizontal axis. This can be attributed to the

buoyancy force being dominant over the inertial forces at this angle. In
addition, at a specific Richardson number, based on the angle the cavity
made with the horizontal direction (i.e., the cavity angle), the flow
function value can either increase or decrease. As can be observed, the
flow function initially increased as a result of the cavity angle in-
creasing to 30° and the Richardson number increasing from 1 to 4; and
thereafter exhibited a descending trend. On the other hand, at a
Ri= 100, the flow function decreased at cavity angles of less than 30°;
however, beyond a cavity angle of 30°, the flow function increased due
to, as before, the buoyancy force being the dominant force.

9.2. Isotherm line contours in the absence of a magnetic field

Fig. 5 shows the isotherm line contours obtained for a pure fluid
(volumetric fraction=3%) at different Richardson numbers and dif-
ferent cavity angles. As can be observed, at the minimum Richardson
number when forced convection was the dominant flow regime in the
cavity, the temperature was almost constant in the center of the cavity
between the cylinders. In addition, at lower Richardson numbers, the
density of the isothermal lines near the hot wall increased due to higher
temperature gradients in this region, with the highest line density oc-
curring at Ri= 1 which gave rise to the greatest heat transfer rate
taking place at this Richardson number. At Ri= 4, the line density in
the vicinity of the walls did not change since forced convection still
governed the flow. At the cavity center, however, the temperature was
far from constant. Upon increasing the Richardson number to 100, the
temperature at each point in the center of the cavity underwent sig-
nificant variations as forced convection decreased in this region. In
addition, line density in the vicinity of the walls decreased. However, in
this case, these two problems could change depending on the angle
between the cavity and the horizontal direction. In addition, increasing
the Richardson number would increase the thermal boundary layer in
the vicinity of the horizontal wall, as a result of which more heat could
penetrate into the cavity, which would ultimately reduce the heat
transfer rate. At Ri= 1 and Ri= 4, increasing the angle between the
cavity and the horizontal direction resulted in more heat entering the
cavity center from the left side of the cavity, which would ultimately
reduce the heat transfer rate. At Ri= 100, only the cavity angle could
influence the isothermal lines pattern due to the increasing dependency
of the dominant buoyancy force on this angle.

9.3. Streamline contours in the presence of a magnetic field

Fig. 6 shows the streamline contours obtained for a pure fluid and
nanofluid at different Richardson and Hartman numbers and a cavity
angle of 60°. As can be observed, at a specific Ri, increasing the
Hartman number would reduce the flow function value. In fact, in-
creasing the Lorentz force would weaken the convective flows ulti-
mately reducing the flow function value. As already mentioned, at
Ri= 1 and Ri= 4, three vortices (resulting from rotation of the cylin-
ders and movement of the wall) were observed in the absence of a
magnetic field. Since the Lorentz force acts perpendicularly to the
magnetic field, increasing the Hartman number would cause the vortex
in the vicinity of the cylinder to be driven towards the left cylinder, and
the streamlines to be driven downwards towards the right thermally
isolated wall. Although both cylinders rotated at the same angular ve-
locity, the vortex formed at the back of the right cylinder persisted even
after a magnetic field was applied. This is due to the position of the
cylinder within the cavity. On the other hand, at Ri= 1 and Ri= 4, the
presence of a magnetic field would lead to the formation of a small
vortex at the upper part of the left cylinder. This effect is due to the
direction of the Lorentz force in the cavity and the ultimate rotation of
the left cylinder. In addition, at Ri= 4, increasing the magnetic field
strength would lead to smoother streamlines at the cavity center be-
tween the cylinders. At Ri= 100, the flow function value for all
Hartman numbers was greater than that obtained for Ri= 4. Although,
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in this case, the buoyancy force dominated the convection flow, the
flow function value was greater than that obtained for Ri= 4 due to the
effect of the cavity angle. In addition, at Ri= 100 in the absence of a
magnetic field, a relatively large vortex was formed between the cy-
linders in the vicinity of the left cylinder. The effect of the magnetic
field was more pronounced as the free convection dominated the forced
convection, resulting in a more significant contrast between the buoy-
ancy and the Lorentz forces. Increasing the Hartman number resulted in
the streamlines being driven towards the right wall. Hence, at Ha=10,
the streamlines were driven towards the right cylinder, thus strength-
ening the flow around the cylinder, with the ultimate formation of a
vortex at Ha= 20 which was further intensified at Ha=30.

9.4. Isotherm line contours in the presence of a magnetic field

Fig. 7 shows the isotherm line contours obtained for a pure fluid and

nanofluid at a cavity angle of 60° and different Hartman and Richardson
numbers. As can be observed, at constant Ri, increasing Ha would cause
the isothermal lines to be driven into the cavity. These lines were ex-
tended towards the cavity center. This reduced the temperature gra-
dient on the hot surface. Therefore, it can be concluded that, at constant
Ri, increasing Ha would reduce the rate of heat transfer. In addition, the
magnetic field effects on the isothermal line contours were more pro-
nounced as the forced convection was reduced, with the above varia-
tions being much more significant at Ri= 4 as compared with Ri= 1.
In addition, as penetration of the pure fluid streamlines into the cavity
was more than that of the nanofluid, therefore, it was concluded that
heat transfer rate in the latter was far greater than that in the former. In
the absence of a magnetic field, the isothermal line patterns of the
nanofluid were similar to those of the pure fluid. Upon applying the
magnetic field, however, differences were observed at the cavity center
as well as in the vicinity of the left cylinder between the isothermal
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Fig. 4. Streamline contours obtained for different Richardson numbers and cavity angles in the absence of a magnetic field.
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streamline patterns of the nanofluid and the pure fluid. The reason for
this was attributed to the difference between the electric conduction
coefficients of the two. Increasing Ri reduced the kinetic energy of the
system, leading to the dominance of free convection. Increasing Ha at
Ri= 100 further reduced the kinetic energy of the system while giving
rise to a conduction heat transfer regime. This in turn led to a reduction
in the surface gradients and, ultimately, reduced the rate of heat
transfer. Thus, increasing the magnetic field strength resulted in the
emergence of isothermal streamlines in the form of layers that were
almost parallel to the hot surfaces. In the vicinity of the cylinders,
however, this behavior changed due to rotation of the cylinders.

9.5. Nanoparticle distribution contours in the presence of a magnetic field

Fig. 8 shows the nanoparticles distribution contours obtained for a
volumetric fraction of 3% and a cavity angle of 60° at different

Richardson and Hartman numbers. In the absence of a magnetic field, a
nonuniform nanoparticles distribution was observed at lower Ri-
chardson numbers. This was due to the fact that the dominance of
forced convection in the system caused maximum flow circulation in-
side the cavity. In addition to movement of the upper plate, rotation of
the two cylinders was also a contributing factor in the nanoparticles
distribution; as was observed at Ri= 1 and Ri= 4 where the right
cylinder played a significant role in the formation of the most non-
uniform nanoparticle distribution due to its position, causing the most
intensive nanoparticle migration towards the hot wall of the cavity. A
uniform nanoparticle distribution was observed at the cavity center
between the cylinders. At Ri= 4, a more uniform distribution was
observed in the vicinity of the hot cavity wall due to the decrease in
forced convection. An almost uniform nanoparticle distribution was
observed at the cylinder once the forced convection had been overcome
by the buoyancy force. Under such conditions, a slight non-uniformity
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(unevenness) occurred in the vicinity of the right cylinder due to ro-
tation of the cylinder as well as movement of the upper plate. Nano-
particle distribution in the vicinity of the right cylinder was uniform
due to the existing distance between this cylinder and the moving wall.
Increasing Ha at constant Ri led to a nonuniform nanoparticle

distribution. At lower Richardson numbers, which grew more pro-
nounced as Ri was reduced. As already mentioned, the Lorentz force
(which acts perpendicular to the magnetic field) caused the nano-
particles to migrate towards the lower plate, thus driving them towards
the cylinder and the thermally isolated wall on the right of the cavity.
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This was observed at Ri= 1 where nanoparticle migration as well as
movement of the moving plate on the one hand, and the Lorentz force
on the other gave rise to vortices at the upstream of the right cylinder.
As a result of this, the nanoparticles at the upstream of the cylinder
were diverted at greater Hartman numbers and were therefore less in-
fluenced by the rotating cylinder. Similar results were obtained were
obtained at Ri= 4. However, in this case, flow non-uniformity in-
creased at the lower half of the cavity due to the decline in the

convection flow as well as the increase Ha, thus causing increasing
nanoparticle deposition on the hot wall. Extreme reduction of the
convection flow led to a different behavior on the part of the nano-
particles. Thus, at Ri= 100, greater nanoparticle uniformity was ob-
served at both upstream and downstream of the left cylinder as the
Lorentz force was increased. In the vicinity of the right cylinder,
however, less nanoparticle uniformity was observed due to the Lorentz
force acting in the opposite direction to that of the convection flow.

0.03050

0.03045

0.03040

0.03035

0.03030

0.03025

0.03020

0.03015

0.03010

0.03005

R
i=
1

o

Ha
=0

(a)

0.03042
0.0304
0.03038
0.03036
0.03034
0.03032
0.0303
0.03028
0.03026
0.03024
0.03022
0.0302
0.03018
0.03016
0.03014
0.03012
0.0301
0.03008
0.03006
0.03004
0.03002

R
i=
1

o

Ha
=1
0

(b)

0.0303

0.03028

0.03026

0.03024

0.03022

0.0302

0.03018

0.03016

0.03014

0.03012

0.0301

0.03008

0.03006

0.03004

0.03002

R
i=
1

o

Ha
=2
0

(c)

0.03036
0.03034
0.03032
0.0303
0.03028
0.03026
0.03024
0.03022
0.0302
0.03018
0.03016
0.03014
0.03012
0.0301
0.03008
0.03006
0.03004
0.03002

R
i=
4

o

Ha
=2
0

(g)

0.03036
0.03034
0.03032
0.0303
0.03028
0.03026
0.03024
0.03022
0.0302
0.03018
0.03016
0.03014
0.03012
0.0301
0.03008
0.03006
0.03004
0.03002

R
i=
4

o

Ha
=3
0

(h)

0.03036
0.03034
0.03032
0.0303
0.03028
0.03026
0.03024
0.03022
0.0302
0.03018
0.03016
0.03014
0.03012
0.0301
0.03008
0.03006
0.03004
0.03002

R
i=
1

o

Ha
=3
0

(d)

0.03005

0.030045

0.03004

0.030035

0.03003

0.030025

0.03002

0.030015

0.03001

0.030005

R
i=
10
0

o

Ha
=0

(i)

0.03008

0.030075

0.03007

0.030065

0.03006

0.030055

0.03005

0.030045

0.03004

0.030035

0.03003

0.030025

0.03002

0.030015

0.03001

0.030005

R
i=
10
0

o

Ha
=1
0

(j)

0.03012

0.03011

0.0301

0.03009

0.03008

0.03007

0.03006

0.03005

0.03004

0.03003

0.03002

0.03001

R
i=
10
0

o

Ha
=2
0

(k)

0.03011

0.0301

0.03009

0.03008

0.03007

0.03006

0.03005

0.03004

0.03003

0.03002

0.03001

R
i=
10
0

o

Ha
=3
0

(l)

Fig. 8. Nanoparticle distribution contours obtained for a cavity angle of 60° at different Richardson and Hartman numbers.
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9.6. Streamline contours in the presence and absence of cavity cylinders

Fig. 9 shows the streamline contours obtained at two different an-
gles in the presence and absence of a magnetic field. In the case where
there was no cylinder in the cavity, the flow function was maximized in
the absence of a magnetic field which resulted in better and faster fluid
circulation in the cavity, ultimately leading to maximization of the flow
function. The greatest flow function variations were obtained at an
angle of 0° both in the presence and absence of a magnetic field. In fact,
at this angle, the combined effects of the magnetic field and the hot
source on the wall maximized the flow function variations. In addition,
in the absence of a magnetic field, a major vortex emerged at zero
degrees due to the moving upper wall of the cavity. Exposing the cavity
to a magnetic field caused the fluid flow to be diverted towards the hot
wall, thus forming smoother streamlines. At a cavity angle of 90°,
vortices appeared due to the motion of the cavity wall as well as the
orientation of the cavity itself. This also led to smoother streamlines;
however, due to the reasons mentioned above, the magnetic field did
not play a major role in controlling the flow. In the presence of a cy-
linder at a cavity angle of 0°, a vortex was formed in the absence of a

magnetic field due to the moving wall of the cavity. However, the cy-
linder also caused irregularities (disarray) in the streamlines. Upon
applying a magnetic field, the downward diversion of the flow was
reduced due to the existence of the cylinder. In addition, the Lorentz
force drove the flow towards the right side of the cavity. This flow di-
version was more pronounced on the cylinder surface near the moving
wall. In general (i.e., regardless of the existence of a magnetic field), the
flow function was minimized at 90°. In the presence of a magnetic field
at 90°, the streamlines were still smoother after the cylinder was placed
inside the cavity; however, the vortex in the vicinity of the right cy-
linder in this case was the result of the flow hitting against the rotating
wall.

9.7. Isotherm contours in the presence and absence of cavity cylinder

Fig. 10 shows the isotherm streamline contours obtained at two
different angles in the presence and absence of a magnetic field. In the
absence of a cylinder and a magnetic field at cavity angles of 0° and 90°,
heat distribution inside the cavity was almost irregular, which was
unlike the case where a magnetic field was applied. As exhibited by the
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isothermal streamlines, heat transfer in the cavity improved after ap-
plying the magnetic field. It was, therefore, expected that the presence
of the magnetic field would increase the rate of heat transfer in this
case. Although this result contradicted the previous results, it was
concluded that the cylinder played an essential role in predicting heat
transfer behavior; and, therefore, should be duly considered in the
design of the system. On the other hand, in the absence of a magnetic
field, the difference between the isothermal streamlines of the nano-
fluid and the pure fluid was influenced by the coefficient of thermal
conduction. In the presence of a magnetic field, the thermal difference
between these streamlines was reduced due to the reduction in the fluid
velocity. At 90° in the presence of a magnetic field, uniform isothermal
streamlines were observed. In addition, heat penetration into the cavity
was reduced under these conditions. Similar results were obtained in
the presence of a cylinder. It should be emphasized that the mere ex-
istence of the cylinder inside the cavity (even a static cylinder) would
improve heat transfer and increase the relevant thermal gradients. In
addition, at a cavity angle of 0°, heat penetration into the cavity was
improved in the presence of a magnetic field. As the cavity angle

increased to 90°, however, the opposite occurred. As can be observed,
heat distribution improved in the absence of a magnetic field. There-
fore, the general conclusion would be that all the cases already en-
countered in the present section can be regarded as exceptions.

9.8. Streamline contours for isothermal cylinders

Fig. 11 shows the streamline contours obtained for two different
angles at different Richardson numbers in the following cases: (1)
thermally isolated cylinders, and (2) isothermal cylinders. At constant
Ri, the flow patterns obtained for thermally isolated and isothermal
cylinders were, in general, not significantly different. However, a more
pronounced difference was observed as Ri was increased. On the other
hand, it was observed that the isothermal cylinders would either gen-
erate vortices or increase the strength of the existing ones, particularly
at greater Richardson numbers. The flow function value obtained for
isothermal cylinders was independent of Ri; i.e., at times more and at
times less than that obtained for thermally isolated cylinders. Though
no reasonable explanation was found for this, the following relationship
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Fig. 11. Streamline contours obtained at two different angles for thermally isolated and isothermal cylinders.
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Fig. 12. Isotherm contours obtained at two different cavity angles for isothermal cylinders and thermally isolated cylinders.
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can be argued to exist in the case of a pure fluid: At a cavity angle of
circa 30°, the flow function value obtained for the isothermal cylinders
exceeded that calculated for the thermally isolated cylinders; whereas
the opposite is true for the cavity angles in the vicinity of 60°.

9.9. Isotherm contours for isothermal cylinders

Fig. 12 shows the isotherm line contours obtained at two different
angles and different Richardson numbers for the thermally isolated and
isothermal cylinders. As can be observed, different isothermal stream-
line patterns resulted from these two cases. In the case of isothermal
cylinders, more or less uniform (even) temperatures were obtained at
the cavity center as well as at the upstream of the cylinders regardless
of the Ri values. In fact, isothermality of the cylinders caused a fluid
velocity increase in the region between the hot wall and the cold cy-
linder, thus leading to further increases in the thermal gradients which
were expected to trigger a corresponding increase in the heat transfer
rate. Due to the strong effect exerted by the isothermal cylinders on the
isothermal streamline patterns, cold temperatures were retained in
more than half the cavity, thus leading to a homogeneous temperature
distribution within the cavity. Upon increasing Ri, an increase was
observed in the effect of cavity angle on isothermal streamline pattern
in the case where the cylinders were not thermally isolated. For ex-
ample, at Ri= 10, increasing cavity angle from 30 to 60° led to dis-
tribution of heat and the subsequent reduction of heat transfer rate in
this region. In addition, increasing Ri at a constant cavity angle (which
reduced the rate of heat transfer) reduced the velocity and thermal
gradients, and, ultimately, the rate of heat transfer.

9.10. Effect of rotational velocity of cylinders on streamline contours

Fig. 13 shows the streamline contours obtained for two different
cavity angles as well as rotational velocities of the cylinder in the
presence and absence of a magnetic field. As can be observed, in-
creasing the rotational velocity accelerated fluid convection inside the
cavity at both cavity angles; so much so that the flow function value
was also increased. At a cavity angle of 0° in the absence of a magnetic
field, increasing the rotational velocity gave rise to vortices. As can be
observed, the flow at the downstream of the left cylinder was driven in
opposite directions due to the increased rotational velocity. In addition,
both the cylinders further strengthened the vortex that had been formed
due to the motion of the wall. Similar results were obtained in the
presence of a magnetic field, except for the fact that the flow rate in-
crease was less in this case than that obtained in the absence of a
magnetic field due to the action of the Lorentz force. On the other hand,
the Lorentz force drove the fluid flow slightly towards the right side of
the cavity. In the vicinity of the right cylinder, the convection flow fully
dominated the already diminishing Lorentz force effects. Similar results
were observed at a cavity angle of 90° in the absence of a magnetic
field. However, it should be emphasized that, at 90°, the obtained flow
function value was less than that calculated at 0° due to the reduced
forced convection. At Ω=−2, the vortex generated via the cavity wall
motion was strengthened due to the cylinder rotation. Increasing ro-
tational velocity of the cylinders caused the diminishing of the vortex
generated by the moving wall; so that at Ω=−3, the flow generated
by cylinder rotation grew so strong that it completely overcame that
generated by the moving wall. At a cavity angle of 90° in the presence
of a magnetic field, a slightly different flow pattern was observed. The
magnetic field virtually caused a strong interaction between the Lorentz
and the convection forces, which resulted in the appearance of vortices
at the downstream of the right cylinder as well as on the right side of
the left cylinder. At constant Ha, increasing cylinder rotational velocity
led to elongation or merging of these vortices.

9.11. Effect of cylinder rotation on isotherm contours

Fig. 14 shows the isotherm line contours obtained for two different
angles in the presence and absence of a magnetic field at different an-
gular velocities of the cylinders. In all the studied cases, increasing the
angular velocity led to a nonhomogeneous temperature distribution in
the cavity which was also accelerated due to the increase, causing the
velocity gradients on the wall to increase; and ultimately increasing the
heat transfer rate. Increasing the angular velocity of the cylinder caused
the fluid temperature to increase with the distance from the hot wall,
resulting in a corresponding rise in the thermal flux entering the cavity,
which in turn increased the rate of heat transfer. As indicated by the
shape of the streamlines, the fluid temperature at the cavity increased
due to the increase in the angular velocity of the cylinder. The same
result was obtained in the presence of a magnetic field. At a cavity angle
of 90°, increasing angular velocity of the cylinder caused the cold
temperature zone to be driven towards the back of the left cylinder.
This in turn gave rise to convection heat transfer and, ultimately, in-
creased the overall heat transfer rate. Similar results were obtained
upon applying a magnetic field; however, the temperature distribution
process slowed down somehow due to the presence of the Lorentz force.

9.12. Effect of cavity angle on heat transfer

Fig. 15 shows the average Nusselt number vs. cavity angle diagram,
plotted at different Richardson numbers and volumetric fractions. As
can be observed, the greatest heat transfer rate at each cavity angle
occurs at a volumetric fraction of 3%. The reason for this can be the
maximization of the coefficient of thermal expansion of the nanofluid at
this volumetric fraction. Increasing cavity angle decreased the rate of
heat transfer. As was indicated in the relation obtained for isothermal
streamline contours, increasing cavity angle would lead to distribution
of heat within the enclosure, thus reducing the thermal gradients in the
vicinity of the hot wall, which would in turn reduce the overall thermal
flux. In addition, as shown in the figure, decreasing the Richardson
number increased the heat transfer rate. This was due to the fact that,
upon decreasing Ri. The kinetic energy of the fluid inside the cavity
would decrease, thus raising the thermal gradients and ultimately the
rate of heat transfer. Moreover, at lower Richardson numbers, the heat
transfer rate variation with cavity angle declined. Due to forced con-
vection being the dominant heat transfer regime at lower Richardson
numbers, the influence of cavity angle on fluid circulation within the
cavity was reduced as the fluid momentum increased and the buoyancy
forces became dominant. This in turn decelerated the Nusselt number
variations. Increasing Ri to 100 gave rise to free convection, turning it
into the dominant heat transfer regime; and accelerated the Nusselt
number variation. Accordingly, at Ri= 100, Nusselt number variation
was maximized due to the essential role of the buoyance force in fluid
circulation. Between cavity angles of 30 and 60°, Nusselt number var-
iation was slight due to uniform heat distribution and the existence of
surface thermal gradients. Therefore, minimum heat transfer variation
was expected under these circumstances. At a volumetric fraction of 1%
and cavity angle of 0°, the rate of heat transfer increased by 97.36% at
Ri= 1 as compared with that at Ri= 100. Similarly, the heat transfer
rate increases obtained at the same cavity angle at volumetric fractions
of 2% and 3% were 97.85% and 98.39%, respectively. Therefore, at
Ri= 1 and cavity angel= 0°, the increase in the rate of heat transfer
obtained at a volumetric fraction of 3% was 1.49% and 3% greater than
the heat transfer rates obtained at volumetric fractions of 2% and 1%
respectively.

9.13. Effect of Hartman number on heat transfer

Fig. 16 shows the average Nusselt number vs. Ha diagram, plotted at
different volumetric fractions and cavity angles. According to this dia-
gram, an increase in the nanofluid volumetric fraction (due to a
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Fig. 13. Streamline contours obtained for two different angles in the presence and absence of a magnetic field at different angular velocities of cylinders.
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corresponding increase in its coefficient of thermal expansion) would
maximize the heat transfer rate at each cavity angle. This is a similar
trend to that obtained in the previous case. Increasing Ha led to a de-
crease in the rate of heat transfer. As the magnetic field intensity was

increased, the convection flow component of the fluid (generated due to
the action of the Lorentz force) as well as the thermal gradients at the
hot wall was reduced. Hence, increasing Ha gave rise to conduction
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Fig. 15. Average Nusselt number vs. cavity angle at different Richardson
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heat transfer within the cavity, thus effectively inhibiting the convec-
tion flows. Nusselt number variations with magnetic field intensity,
demonstrated in these diagrams, were almost identical due to the
dominance of the forced convection over the free convection regime. As
was explained in Fig. 15, even in the absence of a magnetic field,
minimum Nusselt number variation with cavity angle was observed at
lower Richardson numbers. At all cavity angles, increasing Ha beyond
10 resulted in a dramatic reduction in the Nusselt number. Therefore, it
can be concluded that increasing Ha from 10 to 30 would lead to the
convection flow inside the cavity to be suddenly overcome by the
Lorentz force in the presence of a magnetic field. At a cavity angle of 0°
and a volumetric fraction of 3%, the heat transfer rates obtained in the
absence of a magnetic field and at Ha=30 were 4.57% and 6.94%
greater than those obtained for a pure fluid respectively. Similarly, the
heat transfer rates obtained at a volumetric fraction of 3% in the ab-
sence of a magnetic field and at Ha=30 were 4.92% and 4.12% greater
than those obtained for a pure fluid respectively. At a cavity angle of
60° and a volumetric fraction of 3%, the heat transfer rates obtained in
the absence of a magnetic field and at Ha= 30 were 5.31% and 4.81%
greater than those obtained for a pure fluid respectively.

9.14. Local Nusselt number variations caused by: Absence of cylinder,
angular velocity of cylinder, thermal isolation of cylinder, and isothermal
cylinders

Fig. 17 shows the local Nusselt number vs. dimensionless cavity
length characteristic, plotted at two different cavity angles in the pre-
sence and absence of a magnetic field for the following cases: in the
presence of a cylinder and in the absence of a cylinder (a,b); Isothermal
cylinders and thermally isolated cylinders (c,d). In Fig. 17a, where
there is no cylinder in the cavity (i.e., solid cavity walls), maximum
heat transfer rate was obtained in the presence of a magnetic field. In
the absence of a cylinder, the thermal gradients actually increased due
to the presence of the magnetic field. In other words, presence of a
cylinder inside the cavity can play a significant role in predicting the
flow pattern as well as the heat transfer rate. The velocity gradients in
the vicinity of the wall increased in this case due to the presence of the
magnetic field. Accordingly, it was concluded that absence of the cy-
linder was the major cause of the conduction heat transfer being re-
duced. Thus, the shear stress in the y direction increased in the presence
of a magnetic field. In addition, the coefficient of friction between the
fluid and the wall increased due to the interaction convection flow and
the Lorentz force, leading to a further increase in the rate of heat
transfer. The heat transfer rate obtained in the presence of a magnetic
field was 13.86% greater than that obtained in the absence of the field.
The same went for a cavity angel of 90° (Fig. 17b) where the increase in
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Fig. 17. Local Nusselt number vs. dimensionless cavity length characteristic, plotted at different angular velocities of the cylinder for the following cases: In the
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the rate of heat transfer was 38.58%. The greatest heat transfer rate was
observed in the presence of a cylinder (whether static or rotating) inside
the cavity. The same conditions persisted even after a DC field was
applied. However, in this case, the opposite of the above occurred,
namely, the magnetic field was regarded as a negative factor which
inhibited heat transfer. As already mentioned, in the absence of a
magnetic field, the fluid would move faster within the cavity, thus in-
creasing the velocity divergence which would consequently increase
the thermal gradient in the y direction, and ultimately, increase the rate
of heat transfer. Since the flow and heat transfer patterns grew non-
homogeneous due to the presence of the cylinder, the cylinder would
trigger an increase in the convection heat transfer flow which would, in
turn, increase the overall heat transfer rate, thus maximizing heat
transfer rate when the cylinder was rotating. In addition, it was ob-
served that the greatest Nusselt number was obtained at Ω=−1 in
the X and Y intervals of [0.703 0.726] and [0.691 0.708] at cavity an-
gles of 0° and 90° respectively. This was due to the fact that rotation of
the right cylinder increased the convection heat transfer coefficient due
to this cylinder being in the proximity of the hot cavity wall. Similar
results were obtained for Ω=0 at a cavity angle of 0°. At a cavity angle
of 90°, however, the flow pattern underwent a change due to the in-
teraction between the gravity and the buoyancy forces as well as the
position of the right cylinder. As a result of this change, the flow was
pulled (diverted) downwards, thus maximizing the fluid velocity at the
downstream of the right cylinder, and ultimately, maximizing the local
Nusselt number in the 0.052≤ Y≤ 0.098 interval. As observed in
Fig. 17c and 17d, the increase in the angular velocity of the cylinder
(due to the increased convection flow inside the cylinder) led to a
corresponding increase in the rate of heat transfer, with the maximum
rate occurring at Ω=−3 and a cavity angle of 0°. On the other hand,
the heat transfer rate was greatly influenced due to the cylinders being
isothermal (T=Tc). At an identical angular velocity of Ω=−1, the
rate of heat transfer obtained for isothermal cylinders was far greater
than that obtained for thermally isolated cylinders. In fact, in the case
of isothermal cylinders, the heat exchange distance was reduced (due to
the cylinders being at the same temperature), causing an increase in the
fluid velocity in the region between the cylinders and the cavity wall,
which ultimately led to a significant raise in the rate of heat transfer. At
a cavity angle of 0°, the effect of isothermal cylinders at Ω=−1 was
far greater than that exhibited by the thermally isolated cylinders at
Ω=−3. The rate of heat transfer in the presence and absence of a
magnetic field for isothermal cylinders at Ω=−1 were 26.6% and
24% greater than those obtained for the thermally isolated cylinders.
Similar results were obtained at a cavity angle of 90°. However, a more
conclusive statement would be “To achieve maximum heat transfer
rate, the angular velocity of the cylinder must be greater than −3
(Ω > −3).” Further increase of the rotational velocity led to a less
uniform diagram.

9.15. Effect of Ha number on entropy generation

Fig. 18 shows the dimensionless total entropy generation vs. Ha
diagrams, plotted at different Richardson numbers and cavity angles. In
all the studied cases, the minimum and maximum entropy generations
were obtained at Ri= 100 and Ri= 1, respectively. According to the
total entropy generation formula, as entropy generation in each section
is directly proportional to the gradients of that section, and as the
gradients are maximized at Ri= 1, entropy generation would also
occur at Ri= 1. Increasing Ha led to a decrease in entropy generation
due to the decline of the velocity and thermal gradients in the presence
of the magnetic field. It should be emphasized that heat transfer and
viscous effects play the most and the least important parts in entropy
generation respectively. On the other hand, entropy generation due to
viscous effects increased with Ri. However, this increase could not
overcome the entropy generation resulting from heat transfer effects. As
already mentioned in the section on streamlines and isothermal

Ha

S*

-5 0 5 10 15 20 25 30 350

0.2

0.4

0.6

0.8

1

1.2

1.4

Ri=1
Ri=4
Ri=100

=0o
(a)

Ha

S*

-5 0 5 10 15 20 25 30 350

0.2

0.4

0.6

0.8

1

1.2

1.4

Ri=1
Ri=4
Ri=100

=30o
(b)

Ha

S*

-5 0 5 10 15 20 25 30 350

0.2

0.4

0.6

0.8

1

1.2

1.4

Ri=1
Ri=4
Ri=100

=60o
(c)

Fig. 18. Dimensionless total entropy generation vs. Ha number at different
Richardson numbers and cavity angles.
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contours, increasing cavity angle would the slope angle to influence the
gradients by causing them to decrease with this angle. Variation as well
as slope of the diagram at Ri= 1 and Ri= 4 were similar at all the
three angles. However, at Ri= 100, the conditions were different. At
constant buoyancy force, the diminishing forced convection flow re-
placed by a dominant natural convection regime in the cavity. Presence
of a large volumetric force in the cavity made the new force highly
dependent on the slope angle, ultimately resulting in an uneven beha-
vior in terms of total entropy generation.

10. Conclusion

In this paper, MHD mixed convection and entropy generation in a
cavity containing nanofluid with two rotating cylinders was carried out.
In this study, a two-phase approach (mixture model) was used to si-
mulate flow and heat transfer. The results of this study are as follows:

• Increasing the Hartmann number leads to a reduction in heat
transfer. But increasing the Hartman number can play an effective
role in controlling the fluid flow.

• The increase in heat transfer rate in isothermal cylinders is higher
than insulating cylinders.

• The presence of the cylinder inside the cavity has a significant role
in improving the heat transfer.

• As the angular velocity of the cylinder increases, heat transfer is
improved.

• As the Hartman number decreases, the amount of total entropy
generation increases.

• The highest heat transfer rate occurs at a cavity angle of 0° for a
volume fraction of 3%.
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